We study the hydrodynamics of relativistic fluids with several conserved global charges (i.e., several species of particles) by performing a Kaluza-Klein dimensional reduction of a neutral fluid on a Ntorus. Via fluid/gravity correspondence, this allows us to describe the long-wavelength dynamics of black branes with several Kaluza-Klein charges. We obtain the equation of state and transport coefficients of the charged fluid directly from those of the higher-dimensional neutral fluid. We specialize these results for the fluids dual to Kaluza-Klein black branes.
Introduction
Kaluza-Klein dimensional reduction is a well known method to obtain solutions to a gravitational theory coupled to a Maxwell field, plus a scalar (dilaton) field. Velocities (or momenta) along the compactified direction result in electric charges in the reduced theory [1] . Thus, if we take a neutral black string solution of the vacuum Einstein theory, perform a boost along the direction of the string and then dimensionally reduce in this direction, we obtain an electrically charged black hole of the Einstein-Maxwell-dilaton theory, for a particular value of the dilaton coupling [2] .
It should be clear that this method is not exclusive to gravitational theories. The identification between momenta along the internal direction and conserved charges in the reduced theory is in fact generic. Note, however, that in a non-gravitational theory, one obtains charges of a global symmetry group -e.g., a global U(1) for reduction in a circle -while in the gravitational case, since the relevant spacetime symmetries are gauged, they are charges of a gauge symmetry group.
In this article we are interested in applying the Kaluza-Klein procedure to relativistic hydrodynamics. That is, we begin with a relativistic fluid without any conserved particle number in p spatial dimensions, where p − N of these are non-compact directions and N of them form an N-torus. We assume that none of the fluid variables depend on the internal directions, but the fluid can have non-trivial velocity along them. These velocities give internal momenta that in the reduced theory appear as conserved global charges, i.e., particle numbers for N different species. For a perfect fluid, this reduction is a straightforward one. Of more interest is the reduction of the first-order dissipative terms. Viscosity of the higher-dimensional fluid in the internal directions gives rise not only to viscosities but also conductivities in the reduced theory.
We shall do our analysis for a generic relativistic fluid in p spatial dimensions with no conserved particle number, without assuming any specific equation of state nor constituent relation for its first-order transport coefficients. When applying our results to particular fluids, we will consider a class of recent interest in the context of dual relations between fluid dynamics and black brane dynamics. These are the fluids that correspond to neutral black p-branes of the vacuum Einstein theory, and which feature in the blackfold approach to black brane dynamics [3, 4] . Ref. [4] developed the dictionary between the spacetime fluctuations of these black branes and the fluctuations of specific fluids. Using this mapping, our results yield a mapping between the dynamics of charged black branes in Kaluza-Klein theory and the hydrodynamics of certain charged fluids. The map includes their fluid equation of state and first-order transport coefficients. Note that the Kaluza-Klein black brane solutions differ from other charged black branes in their coupling to the dilaton. While the dilaton plays no direct role in the dual fluid description, since it is not associated to any conserved quantity of the black brane, the value of its coupling affects the equation of state and constituent relations.
There have been some previous studies of Kaluza-Klein reduction in the context of fluid/gravity correspondences [5, 6, 7, 8, 9] . However, these have been restricted to the fluids that are dual to AdS black branes, and moreover they only work out explicitly the cases of circle [5] and 2-torus reduction [7] . The results of [5, 7] can be mapped, via the AdS/Ricci-flat connection of [10] , to our results for circle reductions of a neutral vacuum black brane. Vice versa, our results can be readily translated into results for AdS black branes with N different charges using this mapping. The perfect fluid dynamics of asymptotically flat charged branes (with arbitrary dilaton coupling) was studied in [11, 12] . Dissipative effects of non-dilatonic asymptotically flat charged branes have been analyzed in [13] . The first-order hydrodynamics of asymptotically flat black D3-branes has been studied in [14] , but the charge in this case can not be redistributed along the worldvolume and therefore the dynamics is qualitatively different. Moreover, in [15, 16] the KaluzaKlein approach has been applied, in a slightly different manner, to obtain first-derivative corrections of charged black brane (extrinsic) dynamics.
In our opinion it is useful to treat the Kaluza-Klein reduction of fluids separately from any specific fluid/gravity dualities. First, this makes clear how the procedure stands on its own within the context of hydrodynamics without any reference to General Relativity. Second, by not tying the reduction to any particular fluid, we achieve a large degree of generality. Clearly, the method can be extended to the case in which the higher-dimensional fluid carries a particle number or some other property, but we will not pursue this in the present article.
2 Hydrodynamic Kaluza-Klein ansatz and reduction of the perfect fluid
Let us consider a neutral relativistic fluid in flat space-time in p + 1 dimensions. The hydrodynamical behaviour of this fluid is governed by the stress energy tensor conservation equations ∂ A T AB = 0. In general we split the stress energy tensor into a perfect fluid and a dissipative part,
The perfect fluid part is given in terms of the energy density ǫ, the pressure P and the normalized velocity field u A by
while, to first derivative order, the dissipative part is
where η and ζ are the shear and bulk viscosities and θ, σ AB and P AB are defined as
5)
A complete description of the fluid requires the specification of the equation of state, namely the relation between P and ǫ, and of the viscosities. For the most part we will keep them general, and will only specify them in sec. 4. Furthermore, we naturally assume that this uncharged fluid is described in the Landau frame where
We assume that the spacetime in which the fluid moves contains N compact directions that form an N-torus
where the metric η ab is the Minkowski metric in p − N + 1 spacetime dimensions and the coordinates y j are identified with periodicity 2πR j . We take the fluid to move with non-zero velocity along the N compactified dimensions. On Kaluza-Klein reduction this will give rise to charges in the reduced fluid. The Kaluza-Klein ansatz for the field assumes that none of the fluid variables depend on the internal directions y j . The velocity profile is
where α i are boost parameters characterizing the velocity along the compact directions andû a is the velocity in the reduced spacetime, which is unitnormalized with respect to η ab ,û
Note that it should be possible to formulate an ansatz for the velocity field where the different boosts enter in a manner that preserves the local symmetry SO(N) that rotates them (this is broken globally by the compact size of the torus). The above ansatz does not show this, but it is a convenient one for our calculations.
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Let us apply this Kaluza-Klein reduction ansatz to the perfect fluid stress energy tensor. Substituting (2.8) in (2.2) we obtain
where V = N j=1 (2πR j ) is volume of the torus. The factor V appears because T AB refers to densities so we have to include the internal volume we are going to integrate out. The form of the stress energy tensor in the reduced theory isT pf ab = (ǫ +P )û aûb +P η ab , (2.13)
This yields not only the energy density and pressure in the reduced theory, but also a set of N charge densitiesq j , one for each boost parameter α j . The temperature of the reduced fluid is given bŷ
due to the fact that we have changed the timelike Killing vector. From the conservation of the entropy current for the initial fluid, we can read off the reduced entropy density given bŷ 
Since we assume that the first law is satisfied for the initial neutral fluid, it is possible to verify that the same is true for the reduced fluid. The neutral fluid obeys the law dǫ = T dS (2.22) from which it follows
and that ǫ + P = T S.
Reduction of dissipative terms
The Kaluza-Klein reduction has given us a charged fluid. When including dissipative terms we expect the presence of another set of transport coefficients, namely a heat conductivity matrix. These coefficients measure the response of the charge current to changes in temperature and in chemical potential.
In order to reduce the first-derivative terms in the stress energy tensor, we need to express the expansion θ defined in Eq.(2.4) in terms of the new velocities. We find that
The equation of conservation of the stress energy tensor relates the gradients of the rapidities toθ aŝ
where
where c s is the speed of sound. The explicit calculation can be found in the Appendix A. Substituting this result in Eq.(3.1) the expansion becomes
The orthogonal projectors tensor in Eq.(2.6) is given by
The shear viscosity tensor in Eq.(2.5) takes the form
We have all the ingredients to compute the new transport coefficients. However, our reduced fluid is not in the Landau frame. Indeed, we find that
This means that we cannot directly extract the coefficients from the reduced stress energy tensor but we need to introduce some frame-invariant formulae.
In [18] was proposed an efficient way to extract those coefficients based on a general dissipative correction to the stress energy tensor and the charge currents. In order to avoid unphysical solutions we require the semi-positivity of the divergence of local entropy current. Following the same procedure as in [18] and generalizing the result for N charges we construct frame invariant formulaeP
Using these we can extract the viscositiesη,ζ and the matrix of conductivitieŝ κ jj ′ . The derivative ∂P /∂ǫ is evaluated at constant charges, while ∂P /∂q j are evaluated keeping fixed the energy density and the other charges q k =j . We obtainη
18)
These are the main results of this article. The transport coefficients can be rewritten in terms of the independent thermodynamic variables of the reduced theory, the temperature and the chemical potentials, using Eq.(2.18) and Eq.(2.21) functions of the rapidities.
Observe that the viscosity to entropy density ratio remains constant under the reduction,η
Furthermore, since the entropy current for our charged fluid in a canonical form isĴ multiplied by the volume factor V , we recover the result obtain from the Euler relation in Eq.(2.19). Finally, the speed of sound is given bŷ
where the derivative is considered at fixedŝ/q j for everyq j .
Charged black brane/fluid duals
The previous analysis can be applied to the case of the fluid dual to a black pbrane. Let us consider a black p-brane in D = p+n+3 dimensions with p+1 worldvolume coordinates of the p-brane and n + 2 coordinates in directions transverse to that. Since we perform a Kaluza Klein reduction exclusively on the wordvolume directions, we focus only on the p + 1 coordinates. This means that the p dimensions of the black p-brane can be seen as the p spatial dimensions of the previous fluid. In [4] was shown that the long-wavelength dynamics of a neutral black brane in D = p + n + 3 dimensions can be described in terms of a fluid with equation of state ǫ = −(n + 1)P ,
and viscosities
2)
If we substitute these values in Eqs.(2.16), (2.17), (3.18), (3.19), (3.20) and (3.21) we obtain the reduced thermodynamic quantities and the transport coefficients of the charged fluid. These arê
4)
using the explicit values of the temperature and the shear viscosity
where r 0 is the horizon radius of the black p-brane and Ω n+1 is the volume of the unit (n+1)-sphere. We can compare our results with those found in Eq.(3.4.17) and Eqs. (3.4.38)-(3.4.40) in [5] for N = 1 in AdS. This can be done using the AdS/Ricci flat map in [10] which relates the dynamics of Ricci-flat black p-branes in n + p + 3 dimensions to that of black d-branes in AdS 2σ+1 , by identifying
If we apply this map to the equation of state and the transport coefficients that we obtain for N = 1, we find the same results as in [5] with
where L is defined after Eq.(3.1.3) in [5] . For N = 2 the map to black d-branes in AdS 2σ+1 is
In this case we recover the results of [7] 
proposed in [20] is satisfied. The bulk viscosity for a charged black (p − N)-brane takes the form
In terms of the speed of sound
the bulk to shear viscosity ratio can be written aŝ
The relation (4.16) requires that 20) which is satisfied for all n ≥ 0. Thus the bound is always satisfied. In contrast, the bound is always violated in [5, 7] for the black d-branes with σ > 1, where 2σ + 1 are the initial spacetime dimensions. An alternative bound was proposed in [5] ,
in terms of the 'speed of sound at constant charge density'
It is straightforward to show that in our case this bound is always violated. We obtainζ
In order to satisfy the bound in (4.21) we would need n ≤ −2. The inversion of the results regarding both bounds (4.16) and (4.21) as compared to [5] and [7] is expected from the mappings (4.13) and (4.15). On the other hand, for electrically charged, non-dilatonic asymptotically flat black brane solutions, ref. [13] finds that the bound (4.16) is satisfied only for small enough charge density, while the bound (4.21) is always violated. 
A Equation of motion
In order to extract the transport coefficient we need to compute the equations of motion derived from energy momentum conservation relations. These read as
If we contract the Eq.(A.1) withû b we find
In addition, Eq.(A.2) can be rewritten aŝ
If we take the latter relation for two different indices, j and k with j = k (corresponding to the conservation of two different components of the stress energy tensor) and we subtract them, we obtain
Now, let us compare Eq.(A.3) and Eq. (A.4) . This gives
Since we want the relation between the reduced expansion and a derivatives of specific rapidity α j , we replace in Eq. (A.7) the other derivatives of the remaining rapidities in term of the one chosen using Eq.(A.5). This giveŝ
that can be rewritten aŝ
The Eq.(A.3) in terms ofû a ∂ a α j only is given bŷ
using the result in Eq.(A.10). The reduced acceleration is obtain from Eq.(A.1)
Using Eqs.(A.5), (A.10), and (A.11), this becomeŝ
B Transport coefficients
B.1 Shear viscosity
The first term in Eq.(3.15) is given bŷ
Taking into account that 
considering that
If now we subtract (B.4) with (B.3) we are able to extract the shear viscosity. In fact
We recover the result anticipated in Eq. (3.18) , that iŝ
B.2 Heat conductivity matrix
Let us turn to the heat conductivity matrix elements. The Eq.(3.16) can be simplified substituting the Eqs.(3.13) that leads tô
where we have also replaced the values of the reduced density charge, pressure and energy density from Eqs.(2.15), (2.16) and (2.17) . It is convenient to split the above expression into two parts: one with index j ′ = j and the other with different indeces k = j aŝ
So, we extract the heat conductivity coefficients from the relationŝ
Using the expression (A.13) for the acceleration, and the fact thatP ab u b = 0, this becomes
Making explicit the value of P y i y j and simplifying we obtain
For what concerns the right part of the formula (B.10), if we substitute the values (2.18) and (2.21) we find 
So, the diagonal elements arê 18) as already shown in Eq. (3.19) . The same procedure is performed for the Eq.(B.11). We find that
Comparing the last two equations, term by term, in the sum it is easy to find thatκ 
B.3 Bulk viscosity
Let complete the hydrodynamic analysis computing the bulk viscosity.
First of all, we need to compute the derivatives of the pressure with respect to energy density and the charges. Due to the fact that ∂P /∂ǫ is calculated with constant chargesq j and ∂P /∂q j keeping fixed the energy density and the remaining q k =j charges, we need to use The remaining terms can be simplified considering the Eq.(3.13) and Eq.(3.14). These become 
in terms ofθ only. Remember that for the initial expansion we use the values found in the Eq.(3.4) . It is straightforward to read now the bulk viscosity as already presented in Eq.(3.21).
